We analyze a class of generalized inflationary models proposed in Ref.
I. INTRODUCTION
The inflationary scenario -the current paradigm of early universe cosmology -offers an elegant theoretical framework which is able to explain the large size and entropy of the current universe, its spatial flatness and, most importantly, the causal origin of the primordial cosmological perturbations. In the simplest models, inflation is driven by a single minimally-coupled scalar field φ rolling down a smooth potential V (φ), which generates a primordial scalar perturbation with nearly scaleinvariant power spectrum. This framework seems to agree with the most recent cosmic microwave background observations [2, 3] , and thanks to the accuracy of these data, it has also been possible to test the observational viability of a wide range of inflationary models (see, e.g., [4] and references therein). However, no compelling statistical evidence has been found for a specific inflationary model and, therefore, an important task nowadays is to examine the theoretical predictions of different classes of scenarios in the light of current observational data (we refer the reader to [5] [6] [7] [8] for different points of view of the current observational status of inflation).
In this work we study theoretical and observational predictions of a class of potentials of the type named β-exponential potential, which was introduced in Ref. [1] as a generalization of the usual inflationary exponential potential (see [9] [10] [11] and references therein). The β-exponential function, exp 1−β (f ), is defined as above for positive values of the term between brackets and zero otherwise, and satisfies the inverse identity exp 1−β [ln 1−β (f )] = f , where ln 1−β (f ) = (f β − 1)/β is the β-logarithmic function [1] . Although in the limit β → 0 all the above expressions reproduce the usual exponential and logarithm properties, this is not the case for the observational predictions of the potential (1), as discussed in Ref. [12] . Actually, β-exponential potentials present a number of cosmological solutions for a large interval of values of β.
The β-exponential potential was originally proposed as a purely phenomenological model. In Sec. II, however, we show how this class of potentials can arise in the context of braneworld cosmology, where the field describing the size of the extra-dimension is interpreted as the inflaton. In Sec. III we derive the observational quantities of the β-exponential inflation and discuss some prior constraints on the parameters β and λ. A detailed observational analysis of this class of models in light of the latest CMB data provided by the Planck Collaboration [2, 3] is presented in Sec. IV along with a Bayesian model comparison with respect to the standard Λ Cold Dark Matter Inflationary (ΛCDM) cosmology. We discuss the main results of our analysis in Sec. V and summarise our main conclusions in Sec. VI. Throughout this paper we work in units such that M Pl = (8πG) −1/2 = c =h = 1.
II. β-POTENTIALS FROM BRANE INFLATION
In what follows we show how the β-exponential potential of Eq. (1) extra-dimension) is interpreted as the inflaton. A stabilization radion mechanism is required in order to have static extra-dimension consistent with the equations of motion. This is achieved as the radion reaches the vacuum expectation value of the radion potential [13] [14] [15] [16] .
The action of thick branes version of such scenario can be written as
which in general is a D-dimensional gravitational theory coupled to i = 1, 2, ..., N scalar fields, where M = 0, 1, ..., D − 1. Below we shall focus on D = 5 dimensions and N = 2 scalars. The five-dimensional geometry is assumed to have the general form with Poincaré invariance along the four-dimensional worldvolume of the 3-brane embedded in a five-dimensional bulk whose fifth coordinate is r, i.e.,
In a supergravity inspired action, the equations of motion can be solved by the following set of first-order differential equations for the scalar fields φ i (r) and warp factor exp (2A(r))
for the scalar potential given in terms of the superpotential W in the form [17, 18] V (φ 1 , φ 2 ) = 1 8
More specifically in [19] it was addressed the scenario with dilatonic scalar potential in terms of the superpotential
The Bogomol'nyi-Prasad-Sommerfield (BPS) solutions of the first-order differential equations (4) are
with A(r) = ln(1 + c 1 r), for r > 0 and A(r) = ln(1 − c 1 r) for r < 0. These are dilatonic solutions [20] which are also known as scaling solutions [21, 22] . Now by properly combining background BPS solutions under the transformation φ 1 (r) → φ 1 (r − L), which means A(r) → A(|r − L|) to patch together the solutions for r < L and r > L along with a thin brane located at r = L, and φ 2 (r) → −φ 2 (r) into the Lagrangian
and considering that the fields have only implicit time dependence via the radion field L ≡ L(t) we find
At the 'thin wall limit' we can identify delta functions as follows. This regime can be easily satisfied for c 1 = 
where
is the brane tension. The four-dimensional action is then given by
The induced four-dimensional metric g 4µν is obtained from the five-dimensional metric g M N as follows:
, where L is the position of the brane in relation to r = 0. Particularly in the model presented above, to ensure localization of four-dimensional gravity, L r c , where r c is the crossover scale [19] for further details see [23, 24] .
The brane inflation scalar potential can be readily found from the effective potential into (11) and can be written as the β-exponential potential of Eq. (1), with
Pl L being the inflaton field. It is interesting to notice that β ∈ [1/2, ∞) -recall that we have previously identified β ≡ λc 1 = ( 2 + 1)/2, where b 1 = b 2 and ∈ [0, ∞). This agrees with the phenomenologically favored values of the parameter β and with the fact that our brane scenario admits fourdimensional gravity in a limited scale L r c which is a consequence of the geometry having infinite volume for arbitrary large values of the fifth coordinate r. Then the radion (inflaton) cannot stabilize at infinity as the exponential potential at the limit β → 0 would require. The finite vacuum expectation values where the radion stabilizes is given by the zeroes of (1), i.e., at φ 0 = 1/βλ. For λ = 1 and β = 1/2, 1/4 we find the well-known quadratic and quartic potentials which are usually employed in chaotic inflation. In Fig. 1 we show the behaviour of the potential (1) 
III. β-EXPONENTIAL INFLATION
In this section, we discuss some of the theoretical predictions of the class of potential (1) derived in the previous section. As is well known, the slow-roll inflationary regime is characterized by parameters which depend on the form of the potential and its derivative with respect to the field φ [25] . For the β-exponential potential, the slow-roll parameters are written as
(12) In this regime, the end of the inflationary phase is expected to happen at φ e , where the condition (φ e ) ∼ 1 is satisfied. From the above equation, we find
The primordial power spectrum of the curvature perturbation is given by
where ( * ) refers to pivot scale, i.e., when the CMB mode exits from horizon at the scale φ * . The value of P R (k * ) is set by the COBE normalization to the value 2.2×10 −9 for the pivot choice k * = 0.05 Mpc −1 [2] . Now, by inverting the Eq. (14), we can write the value of the amplitude V 0 as
Noteworthy is the strict dependence of V 0 with both the λ and β parameters, or rather the degeneracy of such parameters in the amplitude potential value. This will be of crucial importance for the analysis in the next section. The observable field value φ * can be related to the number of e-folds at which the pivot scale crossed out the Hubble radius during inflation, defined as
From the above equations, one finds
or still,
Note that, assuming a positive inflationary field, the slow-roll conditions are fully met by the β-exponential potential for values of β ≥ 0 and 0 ≥ λ ≥ √ 2. Finally, the primordial spectral index, n s , and the tensor-to-scalar ratio, r, can be expressed respectively as n s −1 = −4 +2η and r = 16 [25] . Here, these parameters take the form
and r = 8λ
and the relation between n s and r is given by The contours correspond to 68% and 95% (C.L.) obtained from the Planck(2015)+BICEP2/Keck Array data [3] . In an opposite way as the prediction of the spectral index n s , we note that the higher the values of β the smaller the model prediction of r, which is in agreement with observations. At the same time, the values of the parameter β must obey the constraint φ * ≥ φ ini for a fixed value of N * , implying in a more restrict interval of β (see 
Eq. 17)
* . This conclusion changes if lower values of the parameter λ is assumed, as can be seen from a direct comparison of the left and right panels of Fig. (2) .
IV. METHOD AND ANALYSIS
We perform a Bayesian model comparison analysis considering three models, namely, the standard ΛCDM scenario (as reference model) and the β-exponential inflation model varying both the β and λ parameters and fixing λ to a proper value, hereafter "model-1" and "model-2", respectively.
In order to perform our analysis, we use the CosmoMC code [26] and the MultiNest algorithm [27- * The initial scale of the slow roll inflation is conventionally assumed to occur at N * = 70. Using such a value in Eq. (17) it is possible to calculate φ ini . 29], necessary to resolve the Boltzmann equations, explore the cosmological parameter space and make a Bayesian models selection. Two main modifications to the most recent CosmoMC release are performed. The first is in the Code for Anisotropies in the Microwave Background (CAMB) [30] , already included in the CosmoMC, since in its basic realization it assumes a power-law parametrization for the primordial perturbation spectrum as P R = A s (k/k * ) ns−1 . Instead, in this work we intend to use the β-inflationary primordial potential form given by Eq. (1), and we need to compute the dynamics and perturbations of this model to construct the primordial power spectrum. In this context, we propose a modification in CAMB following the lines of the ModeCode [31, 32] adapted for the our primordial potential choice. This latter code is able to compute the CMB anisotropies spectrum solving numerically the inflationary mode equations, i.e., solving the Friedmann and Klein-Gordon equations as well as the Fourier components of the gauge-invariant quantity u for an exact form of the single field inflaton potential V (φ). By integrating these equations it is possible to obtain H and φ as a function of time and the solution u k for the mode k. Therefore, following these steps, the code can compute the power spectrum of the curvature perturbation P R by P R = The second main modification is made in the CosmoMC source, i.e., by implementing the nested sampling of the code MultiNest [27] [28] [29] to achieve our Bayesian analysis of the model. The code MultiNest is able to accurately analyse models with high number of parameters and non-gaussian density distributions and/or pro- nounced degeneracies. It also calculates the Bayesian evidence of the model, allowing the Bayesian model comparison. In this model selection, the "best" model is the one that achieves the best compromise between quality of fit of the data and predictivity, which means that the model that better fits the data thanks to many free parameters must be weighed with its added complexity (we refer the reader to [33] [34] [35] [36] [37] [38] [39] [40] for some recent applications of Bayesian model selection in cosmology). In our analysis, we vary the usual cosmological parameters, namely, the physical baryon density, Ω b h 2 , the physical cold dark matter density, Ω c h 2 , the ratio between the sound horizon and the angular diameter distance at decoupling, θ, the optical depth, τ and the parameters β and λ. We also vary the nuisance foreground parameters [41] and consider purely adiabatic initial conditions. The sum of neutrino masses is fixed to 0.06 eV, and we limit the analysis to scalar perturbations with k * = 0.05 Mpc −1 . We perform our analysis assuming the priors on the cosmological parameters shown in Tab. I. The values of the parameters β and λ are chosen from the considerations made in the previous section -in particular we refer to the observational predictions of Fig. 2 and also recall the correlation between the parameters λ and β, as shown in Eq. (15) . Mainly for this reason, we perform two kind of analysis, leaving both the parameters free to vary (model-1) and fixing the λ value to a proper value (model-2). In particular, the λ value we consider for the model-2 is the best fit obtained of such parameter in the model-1 analysis. For both analyses, it is assumed the arbitrary value of the number of e-folds, i.e., N * = 55.
We use the second release of Planck data [41] (hereafter TT+lowP), namely, the high-Planck temperature data (for 30 < < 2508) from the 100-,143-, and 217-GHz half-mission TT cross-spectra and the low-P data by the joint TT, EE, BB and TE likelihood (in the range of 2 < < 29). For the second analysis, we also consider the Riess et al. results on the local expansion rate, H 0 = 73.24 ± 1.74 km.s −1 .Mpc −1 (68% C.L.), based on direct measurements made with the Hubble Space Telescope [42] . This measurement is used as an external Gaussian prior and we refer to this joint data set as TT+lowP+HST.
It is worth mentioning that for our results we use the most accurate Bayesian Importance Nested Sampling (INS) [29, 43] instead of the vanilla Nested Sampling (NS), requiring INS Global Log-Evidence error < 0.1. In order to rank the models of interest, we use the scale in terms of the evidence strength of the chosen reference model [34] : ln B ij = 0−1 , ln B ij = 1−2.5, ln B ij = 2.5−5, and ln B ij > 5 indicate, respectively, an inconclusive, weak , moderate and strong preference of the model i with respect to the reference model j. Note that negative values of ln B ij mean support in favour of the reference model.
V. RESULTS
The main quantitative results of our analysis using the TT+lowP data are shown in Tab. II, where we report the constraints on the cosmological and primordial parameters for the three analysed scenarios. Note that the results for the β-inflation models agree with the ΛCDM predictions at 1σ, as also shown in Fig. 3 . In Fig. 4 we plot the best fit curves for the analysed models in comparison with the ΛCDM cosmology. In the last line of Tab. II we can see that the β-inflation model-1 is strongly disfavoured with respect to the reference model. At the same time, in Tab. III we report the results using the TT+lowP+HST data. We can see that the choice of fixing the λ value (model-2) allows to better constrain the β value, decreasing the model comparison to weakly disfavoured. This is basically due to the parameter degeneracy between β and λ, discussed in the previous sections.
An important aspect that is worth mentioning concerns the predictions on the spectral index, n s , of β-inflation model (see Fig. 2 ). This class of models predicts a higher value of n s with respect to the ΛCDM model for the β values constrained by the data. In particular, the derived value of the spectral index is n s ∼ 0.976 for the model-1 and n s ∼ 0.977 for the model-2 (see Eq. 18). As well known (for a comprehensive reading, see Ref. [44] ), the higher the value of n s the higher the values of Ω b h 2 and τ and, consequently, the higher value of H 0 . Therefore, this inflationary model naturally leads to higher val- ues of H 0 , which is in better agreement with the local expansion rate based on direct measurements made with the Hubble Space Telescope [42] .
As mentioned earlier, we also perform an analysis of the β-inflation model in light of the joint TT+lowP+HST data set. The results are shown in Tab. III. We note that the prior on H 0 modifies the previous results for the evidence of the standard model and makes the β-inflation moderately preferred (ln B ij = 2.6) over the reference ΛCDM cosmology. It is important to emphasize that these results depend on the choice of the e-fold number used for the analysis, i.e, N * = 55. For a lower value of N * , one may obtain a better agreement with the ΛCDM model, which would be in accordance with the results shown in Fig. (2) .
VI. CONCLUSIONS
Cosmic Microwave Background data are one of the most powerful tools to study the early universe physics. In particular, the past two decades have witnessed a great improvement in the measurements of the CMB fluctuations, which are now able to test the observational viability or even rule out different classes of inflationary models as well as some their alternatives.
In this paper, we have analyzed theoretical and observational aspects of a particular class of inflationary models proposed in Ref. [1] , whose field potential is given by Eq. (1). First, we have shown that this kind of potential can arise in the context of brane cosmology, where the radion is interpreted as the inflaton field. The observational viability of this class of models have been studied through a Bayesian analysis using the latest Planck (2015) data. As shown in Tables II and III , tight constraints on the parameter β have been derived. Apart from the value of the spectral index n s , our analysis shows that the predictions of the β-inflation model are very similiar to the ones of the ΛCDM model (they agree at 68.3% C.L.). Considering only the TT+lowP CMB data, we have shown that the minimal standard model is weakly preferred over the β-exponential inflation. However, this result changes when we also consider the most recent HST measurements of the Hubble parameter, as reported in Ref. [42] . In this case (TT+lowP+HST data), the β-inflation model becomes moderately preferred over the ΛCDM cosmology, with ln B ij = 2.6.
Finally, it is important to mention that stringy and brane inspired potentials have been assumed to be the ultimate potentials to accomplish unique inflaton potentials from fundamental theories. But one usually faces problems with the comparison of their theoretical predictions and observational data. In the present study, we have shown that the β-exponential potential shows to be in agreement with the current observational data at the same time that it can be derived from a fundamental theory such as supergravity with dilatonic braneworld solutions. Another important aspect that is worth emphasizing in the present scenario is the fact that large values of β are in agreement with both observational data and
